We present Sunyaev-Zel'dovich Effect (SZE) scaling relations for 38 massive galaxy clusters at redshifts 0.14 ≤ z ≤ 0.89, observed with both the Chandra X-ray Observatory and the centimeter-wave SZE imaging system at the BIMA and OVRO interferometric arrays. An isothermal β-model with central 100 kpc excluded from the X-ray data is used to model the intracluster medium and to measure global cluster properties. For each cluster, we measure the X-ray spectroscopic temperature, SZE gas mass, total mass and integrated Compton-y parameters within r 2500 . Our measurements are in agreement with the expectations based on a simple self-similar model of cluster formation and evolution. We compare the cluster properties derived from our SZE observations with and without Chandra spatial and spectral information and find them to be in good agreement. We compare our results with cosmological numerical simulations, and find that simulations that include radiative cooling, star formation and feedback match well both the slope and normalization of our SZE scaling relations.
background (CMB) spectrum caused by scattering of CMB photons off a distribution of high energy electrons in dense structures such as clusters of galaxies (Sunyaev & Zel'dovich 1970 , 1972 . This effect has a unique property that the signal is independent of redshift, making it particularly well suited for deep cluster surveys (e.g., Holder et al. 2000; Weller et al. 2002) . Several SZE survey experiments are currently in progress (Ruhl et al. 2004; Fowler 2004; Kaneko 2006) , and are expected to generate a large sample of SZ-selected clusters with masses greater than ∼ 2×10 14 M ⊙ . The resulting large samples of galaxy clusters will enable direct measurements of the evolution of the number density of galaxy clusters as a function of redshift and in principle can provide a powerful constraint on the nature of dark energy (Wang & Steinhardt 1998; Viana & Liddle 1999; Mohr et al. 2000; Haiman et al. 2001 ).
To utilize the upcoming SZE cluster surveys for cosmological studies, it is important to understand the relation between the SZE observables and the mass of a cluster. If the evolution of clusters is dominated by gravitational processes, a simple model of cluster formation and evolution based on the virial theorem (Kaiser 1986 ) predicts simple power-law relations between cluster masses and certain integrated cluster properties, including the integrated SZE flux (which is proportional to Y , the integral of the Compton-y parameter over the solid angle of the cluster). Numerical simulations further suggest that Y should be an excellent proxy of cluster mass when measured on sufficiently large scales (e.g., da Silva et al. 2004; Motl et al. 2005; Nagai 2006 ). These simulations also predict that the slope and redshift evolution of the SZE scaling relations are relatively insensitive to the details of cluster physics, although numerical simulations show that the input cluster physics affects the normalization of the SZE scaling relations (Nagai 2006) . It is therefore important to investigate the properties of the SZE scaling relations observationally.
Previous studies have addressed the correlation between the SZE signal and X-ray properties. For instance, Cooray (1999) found a positive correlation between the central SZE decrement and the X-ray luminosity in a sample of 14 clusters. Similarly, McCarthy et al. (2003) detected correlations between the central SZE decrement and X-ray determined mass, temperature, and luminosity for a 22 cluster sample, and Morandi et al. (2007) for a sample of 24 clusters. These studies use data from multiple SZE and X-ray experiments, making systematics more difficult to control, and focus on the relationship between the central values of the SZE signal with the X-ray properties. Recently, Benson et al. (2004) showed that the integrated SZE flux is a more robust observable than the central values of the SZE signal, and found a strong correlation with X-ray temperatures using a sample of 15 clusters obtained by the Sunyaev-Zeldovich Imaging Experiment (SuZIE, Holzapfel et al. 1997; Benson et al. 2003 ) and X-ray temperatures from the ASCA experiment. This paper is the third in a series of papers combining SZE and Chandra X-ray measure-ments of galaxy clusters to study cosmological properties, following Bonamente et al. (2006) (B2006 hereafter) and LaRoque et al. (2006 . Here we present observational studies of SZE scaling relations for clusters of galaxies. This paper advances the results of previous cluster scaling relation works in several ways. First, we use the largest observational sample yet constructed (38 clusters at redshift z=0.14-0.89). Second, our analysis is based on SZE and X-ray observations obtained using the same instruments: all SZE fluxes are determined using centimeter-wave interferometric data from the BIMA/OVRO SZE imaging experiments (e.g. LaRoque et al. 2003) , and all cluster X-ray properties are derived using data from the Chandra X-ray Observatory. Finally, our Chandra observations have an order of magnitude better spatial resolution than the X-ray data used in previous studies, which greatly improves our ability to identify and exclude compact foreground sources which are superimposed on the cluster X-ray emission.
Throughout the paper, we assume a ΛCDM cosmology with Ω M =0.3, Ω Λ =0.7 and h = 0.7, where h is defined such that H 0 = 100 h km s −1 Mpc −1 . All uncertainties are at the 68.3% confidence level.
2. Theory of cluster scaling relations 2.1. The virial radius and r 2500
In order to establish relationships between mass, SZE flux and other cluster properties, one needs to define a radius out to which all quantities will be calculated. This radius should be physically motivated, reachable with the current X-ray and SZE observations, and equivalent for clusters of different redshift. One candidate is the virial radius. In a Friedman-Robertson-Walker universe, an unperturbed spherical region expands indefinitely, while a perturbed overdense region (the seed of a future cluster) eventually recollapses. When the overdense region collapses under the effect of its own gravity, it is assumed to reach virial equilibrium when the radius is half of that at maximum expansion (Peebles 1980; Lacey & Cole 1993) . The ratio of the mean cluster density to the background density at the time of virialization is ∆ v = 18π 2 for a universe with critical matter density (Ω M = 1). For a different cosmology with Ω k = 0, Bryan & Norman (1998) 
2 , as found from a fit to numerical simulations (Lacey & Cole 1993) .
With this characterization of the mean cluster density at time of virialization, the virial radius can be determined as the radius within which the average density of the cluster is ∆ v times the critical density, via
in which both ρ c (z) and ∆ v (z) are cosmology dependent, and the critical density ρ c (z) is defined as:
Unfortunately, the virial radius is usually unreachable with current X-ray and SZE measurements, and one is forced to perform measurements out to a smaller radius. Such a radius (r ∆ ) is characterized by the density contrast parameter ∆ in place of ∆ v (z) in Equation 1, and corresponds to a higher average density, 4/3 · πρ c (z)∆ · r 3 ∆ = M tot (r ∆ ). We choose a contrast parameter ∆ = 2500, corresponding to an average density of 2500 times the critical density at the cluster's redshift. This choice is motivated by the fact that this is the radius typically reachable with our SZE and X-ray data without any extrapolation of the models (B2006, L2006). 
Scaling relations
The hierarchical structure formation theory developed by Kaiser (1986) predicts simple relationships between physical parameters of collapsed structures, known as scaling relations. With the assumptions of hydrostatic equilibrium and of an isothermal distribution for both the dark matter and the cluster gas (e.g., Bryan & Norman 1998) , it can be shown that there is a simple relationship between a cluster's total mass and its gas temperature T e :
where the mass is calculated out to a radius of mean overdensity ∆, M tot = M tot (r ∆ ). For f gas ≡ M gas /M tot , (M gas = M gas (r ∆ )), the expected relationship between the gas mass within r ∆ and the gas temperature is
The Compton-y parameter is a measure of the pressure integrated along the line of sight:
One can further integrate the y parameter over the solid angle Ω subtended by the cluster, to obtain the integrated Compton-y parameter:
where A is the area of the cluster in the plane of the sky. In the context of an isothermal model, Y is proportional to the integral of the electron density n e over a cylindrical volume, thus
In section 5 we consider the effect of integrating gas mass within a spherical volume while determining Y in a cylinder. Using equation 3 we can rewrite equation 7 in terms of either M tot or T e , or substitute M gas /f gas for M tot , to obtain:
Equations 8 are the scaling relations that we investigate observationally in this paper.
3. SZE and Chandra X-ray observations of galaxy clusters
Data
We analyze the SZE and X-ray data observations of 38 clusters in the redshift range z=0.14-0.89, observed with the BIMA and OVRO interferometric arrays and with the Chandra X-ray imaging spectrometers. Both data modeling with the isothermal β model and the data themselves are presented in B2006 and L2006, the previous two papers in this series. We refer to L2006 for details on the observations and data modeling, and to Reese et al. (2002) for a detailed illustration of the modeling of the OVRO/BIMA SZE data in the Fourier plane. In the following, we review those aspects of the data modeling and analysis that are relevant to the investigation of the scaling relations.
Data modeling
The gas density model is based on the spherical β-model (Cavaliere & Fusco-Femiano 1976 , 1978 , which has the form n e (r) = n e0 1 + r
where n e0 is the central electron number density, r is the radius from the center of the cluster, r c is a core radius, and β is a power-law index. When integrated along the line of sight to determine the projected SZE decrement distribution (∝ n e ) and X-ray surface brightness (∝ n 2 e ), this model has the simple analytic forms
(9)
where ∆T 0 is the central thermodynamic SZE temperature decrement/increment and θ c is the angular core radius of the cluster (e.g., Birkinshaw et al. 1991; Reese et al. 2002) . This model typically provides a good description of the X-ray surface brightness and SZE decrement profiles out to ∼r 2500 (e.g., Jones & Forman 1984; Elbaz et al. 1995; Grego et al. 2001; Reese et al. 2002; Ettori et al. 2004 ). This simple model, however, does not provide a good description of the peaked X-ray surface brightness observed in the center of some clusters.
To minimize the systematic bias associated with modeling of cluster cores, we therefore exclude the central 100 kpc from both the spatial and spectral X-ray data, as was done in the previous two papers in this series. The emission-weighted X-ray spectroscopic temperature is also determined by a single-temperature fit to the X-ray spectrum of photons extracted from an annulus between 100 kpc and r 2500 (L2006). This 100 kpc-cut model was shown to recover the gas masses of simulated clusters with a range of dynamical states to better than 5% accuracy at r 2500 (L2006) and, when applied to the determination of the Hubble constant, yielded the same results as a more complex non-isothermal model (B2006). Uncertainties associated with the isothermal assumption are included via an additional systematic error described in section 4.1.
Following our earlier analysis methods, we do not model the dark matter distribution, and calculate the total mass directly from the equation of hydrostatic equilibrium (see Equation 11 below). An upcoming paper (Mroczkowski et al. 2008, in preparation) will extend the analysis to use more sensitive data from the Sunyaev-Zeldovich Array (Muchovej et al. 2007 ) and more accurate modeling of the cluster gas, based on the non-isothermal models of Vikhlinin et al. (2006) and Nagai et al. (2007) .
Analysis Methods
Best-fit model parameters and confidence intervals for all model parameters are obtained using a Markov chain Monte Carlo (MCMC) method described in detail by Bonamente et al. (2004) and B2006. L2006 explains the implementation of the likelihood calculation for the 100 kpc-cut model. For each cluster, the Markov chain constrains the parameters S x0 , β, θ c , ∆T 0 , T e , and abundance (see L2006 for best-fit values). We use the cosmological parameters h = 0.7, Ω M =0.3 and Ω Λ =0.7 to calculate each cluster's angular diameter distance D A (e.g., Carroll et al. 1992 ).
From these model parameters we calculate r 2500 and M tot (r 2500 ) through the hydrostatic equilibrium equation (e.g., Grego et al. 2001) ,
in which µ is the mean molecular weight calculated using the X-ray metallicities and r c = θ c D A . One obtains r 2500 from the solution of the following equation:
in which ρ c (z) is given by Equation 2, ∆ = 2500, and the right hand side is just M tot (r 2500 ). We then compute the global cluster quantities needed for the analysis of SZE and X-ray scaling relations. The gas mass is computed by integrating the gas density model,
where µ e is the mean molecular weight of the electrons, and n e0 is the central electron density, obtained from the parameters of the β model (L2006, Equation 12).
The integrated y parameter (Y , equation 6) is calculated using the measured SZE decrement ∆T , which is directly proportional to the Compton-y parameter
The factor f (x) is the frequency dependence of the SZE:
in which x = hν/k B T CM B , and δ rel is a small relativistic correction factor. At our observing frequencies, f (x) ≃ −2. Thus,
4. Observational constraints on SZE scaling relations 4.1. Regression method
Our measurements of masses and integrated y parameters, using the method described in Section 3, are shown in Table 1 . The errors in Table 1 represent the photon-counting statistical uncertainties of the X-ray data and the statistical uncertainties of the SZE observations. Additional sources of uncertainty in the measurement of cluster parameters include cluster asphericity and projection effects, small-scale clumping of the gas, the presence of point sources in the field, CMB anisotropy, the assumption of isothermality, and instrumental calibration, as discussed by Reese et al. (2002) , L2006, and B2006. Therefore, in fitting Y versus T X , M gas , and M tot (Equations 8), we include an additional statistical error (combined in quadrature) of ±20% for the masses, and ±10% for Y and T X .
We perform a linear least-squares regression in log space, log(Y ) = A + B · log(X), following the method of Press et al. (1992) and Benson et al. (2004) . This method accounts for errors in both measured parameters for each scaling relation, and it minimizes the χ 2 statistic defined as The above derivation of the self-similar scaling relations does not include any variation of the gas fraction with cluster mass. However, there may be some evidence for such variation in both X-ray observations (e.g., Vikhlinin et al. 2006 ) and simulations (Kravtsov et al. 2005) . We examine this in the present data by performing a logarithmic fit to the f gas -M gas data using a linear relationship (log(Y ) = A + Blog(X)). We find no significant evidence for a variation of f gas with mass (B = 0.14 ± 0.08). In the following we therefore assume that f gas is a constant. We then perform similar logarithmic fits to the Y -M gas , Y -M tot and Y -kT data. The results are shown in Figure 2 and in Table 2 . Under the assumption of a constant f gas , all scaling relations are consistent (within 2σ statistical uncertainty) with the simple self-similar model of cluster evolution.
Redshift evolution of the Y -M gas , Y -M tot and Y -kT scaling relations
The large number of clusters (38) and redshift coverage of our Chandra and OVRO-BIMA data (0.14 ≤ z ≤ 0.89) enables the investigation of a possible redshift evolution of the SZE scaling relations. For this purpose, we divide our sample evenly into low-redshift clusters (z ≤ 0.30, 19 clusters) and high-redshift clusters (0.30 < z ≤ 0.89, 19 clusters), and repeat the logarithmic fits of Section 4.2.
The results of Table 2 indicate no evidence for redshift evolution of the SZE scaling relations, as f gas is consistent with a constant for both low and high-redshift clusters. Furthermore, the SZE scaling relations are consistent with the self-similar slopes at or below the 2.5σ level.
Comparison of SZE and X-ray Measurements
In the previous section we have examined the SZE scaling relations based on quantities derived jointly from SZE and X-ray observations. Here we compare the cluster properties derived from our SZE observations without using the X-ray data in the fits, in order to determine whether the relations we observe depend strongly on the X-ray information.
We analyze the SZE data using the model of Section 3.2, using additional assumptions to provide the constraints that would otherwise be provided by the X-ray data. As a first assumption we fix β = 0.7 and fit for θ c and ∆T 0 in Equation 9, following L2006. The choice of fixing β = 0.7 is determined by the fact that this is the median value for our sample; L2006 also show that using values of 0.6 and 0.8 results in changes to the parameters that are small relative to the 68% statistical uncertainties. The data quality allows us to perform this SZEonly analysis for 25 of the clusters in the full sample, as shown in Table 3 . Knowledge of the gas temperature is required in order to determine r 2500 , as can be seen from the combination of Equations 1 and 11:
In the absence of complementary X-ray spectroscopic data, we estimate the gas temperature directly from the SZE data following the iterative method described by Joy et al. (2001) . We first choose an initial estimate of the gas temperature, from which we obtain r 2500 and M tot (r 2500 ). We derive M gas (r 2500 ) using the equations described in Section 3.3, with the central gas density n e0 calculated from the parameters of the SZE decrement model (L2006, Equation 13 ). We provide a final constraint by assuming that the gas mass fraction of each cluster is equal to the average value for this sample, f gas = 0.116 (L2006), and iteratively solve the equation M gas (r 2500 ) = f gas · M tot (r 2500 ) in order to find self-consistent estimates of T and r 2500 .
Results of the SZE analysis are shown in Table 3 . In Figure 3 we compare the SZE measurements of gas temperature, r 2500 , Y , and gas mass with the values from the joint analysis of Section 3. In the joint analysis, the X-ray data are solely responsible for the measurement of the temperature, and drive the fit of the spatial parameters and gas density. They therefore drive the measurements of r 2500 and M gas as well. The quantities inferred from the SZE data are in good agreement with those from the joint analysis, indicating that we have not altered the scaling relations of Section 4.2 by incorporating the X-ray data. Although these results show that it is possible to estimate Y and the cluster gas mass from the SZE data alone, the joint analysis is preferred because it provides the strongest constraints on cluster properties, requires fewer assumptions about the cluster structure and composition, and can be applied to the full 38-cluster sample. Nevertheless, the ability to derive cluster properties from SZE observations will be important for the many SZE cluster surveys currently underway (Ruhl et al. 2004; Fowler 2004; Kaneko 2006) ; these surveys are expected to generate large samples of SZE-selected clusters but will not generally have access to deep X-ray observations for cluster characterization. The gas temperature may also be inferred from multi-frequency SZE observations (Hansen et al. 2002) .
Recent work by Kravtsov et al. (2006) indicate that the quantity Y X ≡ M gas · k B T e , the X-ray analogue of Y , is a low-scatter proxy for the cluster total mass. For the isothermal β-model used in this paper, the gas mass can be estimated from X-ray data by using Equation 12, and thus our data also provide a measurement of Y X . We can therefore compare Y with Y X , in order to establish observationally whether the two quantities are indeed equivalent. In the case of the isothermal β-model, the integrated Compton-y parameter is an integral of the electron density over a cylinder C of infinite length along the line of sight, and of area A = πr 2 2500 :
Since the gas mass is given by an integral over a sphere S of radius r 2500 ,
where the constant C = C n e dV / S n e dV accounts for the different domain of integration of Y and Y X , and depends on the parameters of the β model. We calculate C separately for each cluster, and typically find C ∼2.
In Figure 4 we plot Y , as derived from the joint SZE/X-ray analysis, against Y X . A fit of the data to the relationship in Equation 14 (the dotted line in Figure 4 , with no degrees of freedom) results in an acceptable χ 2 statistic, corresponding to a null hypothesis probability of 80.4%. The agreement with the relationship in Equation 14 shows that Y X is an unbiased estimator of the integrated Compton-y parameter, within the uncertainties of the current measurements.
Comparison with theoretical simulations
We compare our results with those of recent cosmological cluster simulations (Nagai 2006; Nagai et al. 2007 ) that include radiative cooling, UV heating, star formation, and stellar feedback processes in addition to the standard gas dynamics. In Figure 5 we compare 16 clusters simulated at z=0 and 0.6 using cooling and star formation feedback processes (in red), the same sets of clusters performed using non-radiative gas dynamics (in green), and our 38 clusters observed with Chandra and OVRO-BIMA (in black).
The best-fit power-law models that describe the two simulations are shown as dashed lines in Figure 5 . A fit of our data to the cooling and star formation model (red dashed line) results in a χ 2 null hypothesis probability of 99.9%, and the non-radiative model (green dashed line) has a probability of 0.5%. The comparison indicates that both simulation models show a similar slope to the observed clusters, with the cooling and star formation feedback model providing a better match to the data.
Discussion and conclusions
We have investigated scaling relations between the integrated Compton-y parameter Y and total mass, gas mass, and gas temperature using 38 clusters observed with Chandra and OVRO-BIMA. Fits of the Y -M gas , Y -M tot and Y -kT data to a power-law model agree with the slope predicted by a self-similar model in which the evolution of clusters is dominated by gravitational processes. The normalization of the Y -M gas scaling relation agrees well with the numerical simulations of Nagai et al. (2007) , in which collisionless dynamics of dark matter and gas dynamics are complemented by cooling, star formation and feedback phenomena. The agreement provides observational evidence that non-gravitational phenomena may also be an important factor in the physics of clusters.
The redshift coverage of our sample enabled an analysis of the scaling relations as function of redshift, by defining a low redshift sample (0.14 ≤ z ≤ 0.30, 19 clusters) and a high-redshift sample (0.30 < z ≤ 0.89, 19 clusters). Both samples follow the prediction based on the self-similar model. Our data indicate no significant evolution in the SZE properties of clusters at redshift z 1.
We also measure the cluster mass and integrated Y parameter using the SZE data alone, without making use of the Chandra spectral and spatial information. These measurements are in good agreement with those based on the joint X-ray/SZE analysis, providing evidence that SZE surveys can be used to determine the number density of galaxy clusters as functions of mass and redshift.
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